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Daemonic ergotropy in continuously monitored open quantum batteries
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The amount of work that can be extracted from a quantum system can be increased by exploiting the
information obtained from a measurement performed on a correlated ancillary system. The concept of
daemonic ergotropy has been introduced to properly describe and quantify this work extraction enhance-
ment in the quantum regime. We here explore the application of this idea in the context of continuously
monitored open quantum systems, where information is gained by measuring the environment interacting
with the energy-storing quantum device. We first show that the corresponding daemonic ergotropy takes
values between the ergotropy and the energy of the corresponding unconditional state. The upper bound
is achieved by assuming an initial pure state and a perfectly efficient projective measurement on the envi-
ronment, independently of the kind of measurement performed. On the other hand, if the measurement is
inefficient or the initial state is mixed, the daemonic ergotropy is generally dependent on the measurement
strategy. This scenario is investigated via a paradigmatic example of an open quantum battery: a two-level
atom driven by a classical field and whose spontaneously emitted photons are continuously monitored via
either homodyne, heterodyne, or photodetection.
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I. INTRODUCTION

The field of quantum thermodynamics aims to extend
the laws of classical thermodynamics to the quantum
regime [1]. One of its main goals is to understand the lim-
its of work extraction from a quantum system, which has
both fundamental and practical implications. Allahverdyan
et al. [2] introduced the concept of ergotropy, as the maxi-
mum amount of work that can be extracted from a quantum
state through unitary dynamics.

Extracting work from a quantum state is extremely
useful in the context of quantum batteries (QBs), energy-
storing devices that follow the laws of quantum mechanics
during charging and discharging processes. Research on
QBs has then focused on exploring quantum enhancements
in the charging process [3–23] and various implementa-
tions have been proposed, including single qubits, col-
lective spins, and quantum harmonic oscillators [6,12,24–
26]. Recent experiments have shown promising results in
realizing a quantum-enhanced QB [27–30].

The analysis of open quantum batteries (OQBs), that
is QBs in an open quantum system scenario, is crucial
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to discuss and guarantee their real-world implementation.
Research on OQBs has focused so far on studying the effect
of different environmental models [31–35] and devising
quantum control strategies to counteract the impact of
noise [19,36–41]. We here want to address the situation
where some information leaking to the environment can
be recovered via continuous measurements [42,43], and
then exploited for enhancing the work extraction pro-
tocol (see Fig. 1). Since the paradigmatic example of
Maxwell’s demon, it is well known that acquiring infor-
mation via a measurement effectively brings a system out
of equilibrium and allows extraction of useful work via
conditional operations [44]. This idea was then brought
to the quantum realm, also highlighting the relationship
between extractable work and quantum correlations [45–
56]. Francica et al. introduced the concept of daemonic
ergotropy [52], as the maximum average work that can be
extracted from a quantum system via unitary operations
by exploiting the information obtained by measuring a
correlated ancilla. Continuously monitored open quantum
systems [42,43] have been extensively studied from a the-
oretical point of view, mainly for feedback-assisted quan-
tum state engineering protocols [57–73] and for quantum
estimation purposes [74–91]; more recently their quan-
tum thermodynamics properties have been also analyzed,
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FIG. 1. Pictorial representation of a continuously monitored
quantum battery: a coherent drive supplies energy with intensity
α to a two-level atom (green), which is spontaneously emitting
into its environment with rate κ . The emitted field is continuously
monitored via a detector with efficiency η.

being a paradigmatic example of out-of-equilibrium quan-
tum systems [89,92–103]. Remarkably, the possibility of
observing single trajectories has been now experimen-
tally shown in different platforms, such as superconduct-
ing circuits [104–107], optomechanical [108,109], and
hybrid [110] systems. Recently, feedback protocols able to
cool mechanical oscillators have also been demonstrated
[111–113].

From a fundamental point of view, during its evolution,
an open quantum system is correlated to the environment;
for this reason, being able to measure the environment
makes this scenario the ideal playground where to inves-
tigate the properties of the daemonic ergotropy both for
its fundamental aspects, but also for its possible practical
implementation in OQBs.

In this paper we derive the general properties of the dae-
monic ergotropy in open quantum systems and we apply
them to the simplest example of an OQB, that is a two-
level atom driven via a classical field and spontaneously
emitting photons into its electromagnetic environment. We
show that the daemonic ergotropy of a continuously mon-
itored system surpasses the ergotropy of the unconditional
state and, with perfectly efficient measurements, can even
reach the energy of the unconditional state. We then dis-
cuss the performance of different types of measurements
with nonunit efficiency.

The paper is organized as follows: in Sec. II we review
the concept of daemonic ergotropy and present our first
results. In Sec. III we extend the concept of daemonic
ergotropy to continuously monitored open quantum sys-
tems, along with some general results that apply in this
scenario. In Sec. IV we discuss these in a minimal exam-
ple of an open quantum battery: a two-level system driven
by a classical field and whose spontaneous emitted photons
are continuously monitored. Finally, in Sec. V, we give our
conclusions and propose further outlooks.

II. DAEMONIC ERGOTROPY

We start by recalling the definition and main proper-
ties of the ergotropy of a quantum state. Let us consider

a quantum system described by a Hamiltonian Ĥ0, where,
without losing generality, we fix its smallest eigenvalue
equal to zero. We define the ergotropy E(�) of a given
quantum state � describing such a quantum system as the
maximum amount of work that can be extracted via unitary
dynamics [2]:

E(�) = max
Û

[
E(�)− E(Û�Û†)

]
, (1)

where E(�) = Tr[Ĥ0�] denotes the average energy of the
quantum state �. A closed formula for E(�) in terms of
eigenvalues and eigenvectors of � and Ĥ0 can be straight-
forwardly derived and the following main properties can
be demonstrated: (i) the ergotropy is upper bounded by the
energy, and this upper bound is saturated for pure quan-
tum states, i.e., E(|ψ〉〈ψ |) = E(|ψ〉〈ψ |); (ii) ergotropy is
equal to zero E(�) = 0 if and only if � is a passive state,
i.e., it is diagonal in the Hamiltonian Ĥ0 eigenbasis, and its
eigenvalues do not admit energy inversion [2].

Let us now consider a bipartite quantum state �SA,
where the quantum system S represents our energy-storing
device, while A is an ancillary system. If the ancilla is dis-
carded, the maximum amount of extractable work is sim-
ply equal to E(�S), with �S = TrA[�SA]. We now assume
that a measurement is performed on the ancilla, described
by a positive operator-valued measurement (POVM) {�̂A

a }.
We can thus define the daemonic ergotropy as the average
ergotropy of the corresponding conditional states [52]

E {�̂A
a } =

∑
a

paE(�S
a), (2)

where

pa = TrSA[�SA(1̂S ⊗ �̂A
a )], (3)

�S
a = TrA[�SA(1̂S ⊗ �̂A

a )]/pa (4)

denote, respectively, the probability and the conditional
state corresponding to the measurement outcome a. The
ergotropy is a convex quantity in the quantum state � [52,
55]; as a consequence, since �S = ∑

a pa�
S
a , one obtains

that

E {�̂A
a } ≥ E(�S), (5)

that is the average work that may be extracted is increased
thanks to the information obtained from the ancilla. Fur-
thermore, the daemonic ergotropy can be rewritten as

E {�̂A
a } = E(�S)−

∑
a

pa min
Ûa

E(Ûa�
S
aÛ†

a). (6)

From this formula it is then clear that, in order to achieve
the daemonic enhancement, one needs to implement a
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conditional unitary evolution Ûa that depends on the con-
ditional state �S

a . Furthermore, E {�̂A
a } generally depends on

the specific POVM {�̂A
a } implemented (see Ref. [55] for

a recipe to obtain the optimal POVM maximizing E {�̂A
a }).

Before addressing the scenario of continuously monitored
quantum systems, we here present the first result of our
work via the following proposition.

Proposition 1.—Given a bipartite system system+ancilla
prepared in an initial pure state |�〉SA, and assuming a
projective (rank-one) measurement on the ancilla {�A

a =
|φa〉〈φa|}, then

E {�̂A
a } = E(�S), (7)

that is, the daemonic ergotropy is equal to the energy of the
reduced state of the system �S = TrA[�SA], independently
of the measurement performed.

Proof.—In order to prove this theorem, we first observe
that the conditional state remains pure for any measure-
ment outcome, i.e., �S

a = |ξa〉〈ξa|, with

|ξa〉 = 1√
pa

〈φa|�〉SA. (8)

As a consequence one has

E {�̂A
a } =

∑
a

paE(|ξa〉〈ξa|)

=
∑

a

paE(|ξa〉〈ξa|) = E(�S), (9)

where we have exploited: (i) the fact that the ergotropy of
pure states is equal to their energy, (ii) the linearity of the
trace, and (iii) the relationship �S = ∑

a pa|ξa〉〈ξa|. �

III. DAEMONIC ERGOTROPY IN
CONTINUOUSLY MONITORED OPEN QUANTUM

SYSTEMS

We start by briefly introducing the basic notions on
continuously monitored quantum systems and quantum
trajectories [42,43]. We assume that our quantum system
is interacting with a Markovian environment such that its
unconditional evolution is described by a master equation
in Lindblad form

d�unc(t)/dt = −i[Ĥs(t), �unc(t)] + D[ĉ]�unc(t), (10)

where Ĥs(t) denotes the Hamiltonian ruling the evolution
of the system and D[ĉ]� = ĉ�ĉ − (ĉ†ĉ� + �ĉ†ĉ)/2 is the
Lindbladian superoperator [114].

If one assumes that the environment is continuously
monitored, the system evolution will be described by a
stochastic master equation (SME) for the conditional state

�c(t), which is typically referred to as a quantum trajectory.
In general it is always true that

�unc(t) =
∑
traj

ptraj�c(t), (11)

where ptraj denotes the probability of each quantum tra-
jectory �c(t). Different measurement strategies will corre-
spond to different unraveling of the unconditional master
equation (10), that is to different SMEs for the condi-
tional state �c(t) and, mathematically speaking, to different
convex combinations for the unconditional state �unc(t).
We will later consider the most paradigmatic examples of
such unravelings, corresponding to the scenarios where the
environment is continuously-monitored via either photode-
tection (PD), homodyne detection (HoD), or heterodyne
detection (HeD). The explicit formulas for the correspond-
ing SMEs can be found in Appendix A. Remarkably,
while we here focus on Markovian open quantum sys-
tems described by a Lindblad master equation (10), all
the results that follow apply whenever one can write
the unconditional state as a mixture of trajectories as of
Eq. (11), including monitored quantum systems exhibiting
non-Markovian behavior.

Besides the kind of detection performed on the envi-
ronment, such unravelings are characterized by their mea-
surement efficiency η, that comprehensively quantifies the
portion of the environment that is accessible and the effi-
ciency of the detector. In particular, we recall that for
η = 1, that is when one assumes that the environment is
fully accessible and measurable via a projective (rank-one)
measurement, and for an initial pure state for the system,
one can prove that the evolution can be described via a
stochastic Schrödinger equation, and the conditional state
remains pure during the whole dynamics [42,43]. We can
now present one of the main results via the following
proposition:

Proposition 2.—Given an open quantum system, whose
charging process is described by a (possibly time-
dependent) Hamiltonian Ĥs(t), and whose environment can
be continuously monitored with efficiency η, the corre-
sponding daemonic ergotropy

Eunr,η(t) =
∑

a

ptrajE(�c(t)) (12)

is bounded as

E(�unc(t)) ≤ Eunr,η(t) ≤ E(�unc(t)). (13)

The upper bound can be achieved in the presence of
Markovian environment, whenever the system is initially
prepared in a pure state and the monitoring is performed
with unit efficiency η = 1, independently of the kind of
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unraveling, i.e.,

Eunr,η=1(t) = E(�unc(t)). (14)

Proof.—The first inequality in Eq. (13) is a generaliza-
tion of Eq. (5), applied to Eq. (11). Similarly the upper
bound is a consequence of Eq. (6), while the fact that the
upper bound can be achieved for unravelings of pure states
follows straightforwardly from Proposition 1. �

In the following, we show that as a corollary, the
inequality above can be trivially extended to the case
where ergotropies and energies are rescaled by the evo-
lution time t, and thus in terms of figure of merits charac-
terizing the charging power of the protocol.

A. Average power of continuously monitored quantum
batteries

Let us assume that the state of the quantum battery at
the beginning of the charging process is initially in a pure
state (�0 = |ψ0〉〈ψ0|), and a charging protocol evolves the
system from a time t = 0 to t = τ . We can use the defini-
tions of energy (E), ergotropy (E), and daemonic ergotropy
(E {�̂A

a }) introduced in the paper, to define, respectively, the
average power (P), the average ergotropic power (P), and
the average daemonic power (P {�̂A

a }) as follows:

P(�(τ )) = E(�(τ ))− E(�0)

τ
, (15)

P(�(τ )) = E(�(τ ))− E(�0)

τ
, (16)

P {�̂A
a }(τ ) = E {�̂A

a }(�(τ ))− E(�0)

τ
. (17)

We can thus formulate the following corollary, that can be
easily proven starting from Proposition 2 of the paper.

Corollary 1.—Given an open quantum system, whose
charging process is described by a (possibly time-
dependent) Hamiltonian Ĥs(t), and whose environ-
ment can be continuously monitored with efficiency η,
the corresponding average daemonic power Punr,η(t) =∑

a ptrajP(�c(t)) is bounded as

P(�unc(t)) ≤ Punr,η(t) ≤ P(�unc(t)). (18)

The upper bound can be achieved in the presence of
Markovian environment, whenever the system is initially
prepared in a pure state and the monitoring is performed
with unit efficiency η = 1, independently of the kind of
unraveling, i.e.,

Punr,η=1(t) = P(�unc(t)). (19)

We have thus proved that, as expected, the extractable
work and power can be increased in an open quantum

system if one obtains some information by monitoring
the environment. Remarkably, the maximum daemonic
ergotropy is equal to the unconditional energy and can
be achieved via unit efficiency monitoring, independently
of the measurement strategy. In the following we will
rather investigate what happens in the more practical
and experimentally relevant scenario of monitoring with
nonunit efficiency, where a hierarchy between the different
unravelings is established.

IV. A CONTINUOUSLY MONITORED OPEN
QUANTUM BATTERY

We now consider the paradigmatic example of an OQB,
that is a two-level atom characterized by a Hamiltonian
Ĥ0 = (ω0/2)(σ̂z + 1), driven by a resonant classical field
of intensity α, which acts as a charger, and spontaneously
emitting with rate κ (see Fig. 1). In the interaction picture
with respect to Ĥ0, the evolution of the system is described
by a Markovian master equation of the form Eq. (10),
where the Hamiltonian ruling the evolution and the jump
operator, respectively, read Ĥs = ασ̂x and ĉ = √

κσ−, i.e.,

d�unc(t)
dt

= −iα[σ̂x, �unc(t)] + κD[σ̂−]�unc(t). (20)

An analytical solution can be obtained for �unc(t) and we
report here the corresponding steady-state values of energy
and ergotropy

ESS
unc/ω0 = 4α2

8α2 + κ
, (21)

ESS
unc/ω0 = κ

2

(√
16α2 + κ2 − κ

8α2 + κ2

)
, (22)

where we have exploited the following formula for the
ergotropy of a qubit state:

E(�) = E(�)+ ω0

2

√
2μ(�)− 1, (23)

in terms of energy and purityμ(�) = Tr[�2]. One observes
that the steady-state energy ESS

unc grows monotonically as
a function of α/κ and asymptotically reaches the value
ESS

unc,max = ω0/2 in the limit of large driving. Oppositely,
the steady-state ergotropy ESS

unc presents a maximum at

α/κ =
√
(1 +

√
2)/8, (24)

where it reaches its peak value

ESS
unc,max = ω0(

√
2 − 1)/2. (25)

If we now assume that a photocounting detector is able to
measure the spontaneously emitted photons with efficiency
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η, the dynamics of the conditional states �c(t) is described
by a SME of the form Eq. (A2); in particular, the statistics
of the corresponding Poissonian increment is univocally
identified by its average value

E[dNt] = ηκ〈σ̂+σ̂−〉tdt, (26)

and thus depends on the average value of σ̂z [we remind
that σ̂+σ̂− = (σ̂z + 1̂2)/2].

If one rather considers a homodyne detection on the
emitted field, one has a SME of the form Eq. (A3), where
in particular the continuous homodyne photocurrent reads

dyt = √
ηκ〈σ̂−eiφ + σ̂+e−iφ〉t dt + dWt, (27)

= √
ηκ〈cosφσ̂x + sinφσ̂y〉t dt + dWt, (28)

where φ corresponds to the homodyne phase. In particular,
for φ = 0 and φ = π/2 one has photocurrents depending,
respectively, on the average values of σ̂x and σ̂y .

Heterodyne detection on the environment leads to a sim-
ilar SME, as can be indeed thought and implemented as a
double homodyne, measuring orthogonal quadratures with
half efficiency. As a consequence one gets a SME of the
form Eq. (A4) where the two photocurrents depend on σ̂x

FIG. 2. Daemonic ergotropies Eunr,η(t) as a function of time
for different unravelings (HoD with photocurrents monitoring
either σ̂x or σ̂y , HeD and PD) with α/κ = 1, η = 0.4 and aver-
aged over n = 5 × 104 trajectories. Black and gray dashed lines
correspond, respectively, to the ergotropy and energy of the
unconditional state. The different daemonic ergotropies lie as
expected between these two lines, with HeD and σ̂x-HoD giving
the larger values of extractable work. The upper and the lower
bounds would be saturated for all the unravelings in the case
of, respectively, perfect monitoring (η = 1) and no monitoring
(η = 0).

and σ̂y as

dy(1)t =
√
ηκ

2
〈σ̂x〉t dt + dW(1)

t , (29)

dy(2)t =
√
ηκ

2
〈σ̂y〉t dt + dW(2)

t . (30)

We will denote with EPD,η, EHoD,η, and EHeD,η the dae-
monic ergotropies corresponding to continuous monitoring
of the fluorescence field due to the atomic spontaneous
emission via, respectively, PD, HoD, and HeD with effi-
ciency η.

According to Proposition 2, we know that for unravel-
ings of pure states with η = 1, one obtains Eunr,η=1(t) =
E(�unc(t)), that is, the energy of the unconditional state can
be fully extracted via conditional unitary operations for all
the possible detection strategies.

We first consider the situation where the system is
initially prepared in the ground state |0〉, while the envi-
ronment is not fully accessible and it is thus monitored
with nonunit efficiency η. We have numerically solved the
corresponding SMEs [115,116] and evaluated the corre-
sponding daemonic ergotropy by averaging over a large
number of trajectories. In this case we find that there is
a hierarchy between the different unravelings: as one can

SS

SS

SS

SS

SS SS

SS

SS

SS SS

SS

FIG. 3. Steady-state daemonic ergotropy ESS
unr,η for the differ-

ent unravellings (HoD with photocurrents monitoring either σ̂x or
σ̂y , HeD, PD) as a function of α and for η = 0.1 (dashed-dotted)
and η = 0.7 (dashed) (number of trajectories n = 5 × 104). Also
in this case HeD and σ̂x-HoD yield the largest values. Black and
gray solid lines correspond respectively to ergotropy and energy
of the unconditional steady-state, that is to the lower and upper
bound for the daemonic ergotropies, that would be obtained
for respectively no-monitoring (η = 0) or perfect monitoring
(η = 1).

044073-5



MORRONE, ROSSI, and GENONI PHYS. REV. APPLIED 20, 044073 (2023)

observe in Fig. 2, for η = 0.4 and α = κ , homodyne detec-
tion with photocurrent proportional to 〈σ̂x〉t (corresponding
to φ = 0) and heterodyne detection leads to the largest
values of daemonic ergotropy, while photodetection is the
least performing strategy. The results presented in this
plot are quite general: in all our numerical simulations we
find that, as regards HoD, EHoD,η=1(t) is maximized (min-
imized) for φ = 0 (φ = π/2), that is for a σ̂x-dependent
(σ̂y-dependent) photocurrent. Furthermore, in the whole
range of parameters we have explored, σ̂x-HoD and HeD
generally yield very similar values of daemonic ergotropy.
The same behavior can be indeed observed if we focus
on the steady-state properties as shown in Fig. 3, where
steady-state daemonic ergotropies ESS

unr,η for the different
unravelings are plotted as a function of α and for two dif-
ferent values of η. From the figure one can clearly observe
the hierarchy existing between the different strategies, and
how, by increasing the monitoring efficiency, the daemonic
ergotropy can reach values, approaching the unconditional
energy ESS

unc in the limit of η = 1.
Finally, in Fig. 4 we consider the other scenario

where different unravelings lead to different daemonic
ergotropies, that is when the environment is monitored
with unit efficiency, but the initial state is mixed. In par-
ticular, we consider the maximally mixed state �0 = 1̂/2
as initial state and we plot Eunr,η(t) as a function of time.
We observe that at steady state all the unravelings lead
to the same value of daemonic ergotropy, equal to the
corresponding unconditional energy: the monitoring will

FIG. 4. Daemonic ergotropy Eunr,η(t) as a function of time for
different unravelings (HoD with photocurrents monitoring either
σ̂x or σ̂y , HeD, PD) with α/κ = 0.4, η = 1 and by consider-
ing the maximally mixed state ρ0 = 1̂/2 as initial state (number
of trajectories n = 5 × 104). Black and gray lines correspond
respectively to ergotropy and energy of the unconditional state
when initial states are the maximally mixed state (dashed) and
the ground state (dotted).

eventually purify all the trajectories and thus one falls
back into the scenario described in Proposition 2. How-
ever, different unravelings lead to a different purification
speed, an effect that has been widely discussed in the lit-
erature [117–122]. With respect to the scenarios described
in these works, we here have a nontrivial system Hamilto-
nian Ĥs ruling the dynamics, and a fixed jump operator ĉ =√
κσ̂−, representing the interaction between the system and

environment. Remarkably, at small times we find that the
purification speed of HeD and, in the second instance,
HoD (almost independently on the phase φ) allows the
achievement of values of daemonic ergotropy evidently
larger than the maximum daemonic ergotropy obtainable
by starting from a ground state, whose upper bound (the
unconditional energy represented as a dotted-gray line in
Fig. 4) can be interpreted as the amount of energy injected
into the system by the driving laser; we can thus conclude
that in monitoring-enhanced battery-charging protocols,
the effects of purification may be more efficient than pure
energy injection at small times. On the other hand, we also
observe that PD still yields the lowest values of daemonic
ergotropy in the transient leading to steady state, and for
small times the enhancement due to the monitoring respect
to the unconditional ergotropy is almost negligible.

V. CONCLUSIONS

We have extended the concept of daemonic ergotropy
to the open quantum system scenario, where some infor-
mation leaking into the environment can be continuously
monitored and exploited in order to enhance the work
extraction protocol. Our findings reveal that the dae-
monic ergotropy not only surpasses the unconditional state
ergotropy, but can even reach its energy in the ideal sce-
nario of unit efficiency detectors. We have then discussed
the simplest, but practically relevant, example of an OQB,
that is a two-level atom classically driven by an external
field acting as a charger.

Our main results (Propositions 1 and 2) require very
few assumptions compared to the ones implied in the
model of OQB considered. In particular, they hold even
for charging protocols with time-dependent Hamiltonian
[9,10], allowing one to further assess the performances
of these protocols in the case of continuous monitoring
and to envisage more efficient quantum feedback proto-
cols. Moreover, one can also consider trajectories describ-
ing continuously monitored open quantum systems in the
presence of a non-Markovian environment; while the inter-
pretation of unravelings of the non-Markovian master
equation in terms of monitoring is in general not guaran-
teed [123–127], our approach can be directly pursued in the
non-Markovian setting by describing such quantum con-
ditional dynamics via continuously measured collisional
models [35,100,128].
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A proof-of-principle experimental demonstration of our
results can be readily pursued in a circuit-QED platform,
where quantum trajectories corresponding to HeD of atom
fluorescence have been recently observed [105,106]. In
general our results pave the way to further investigation
on the relationship between measurement energy cost and
work extraction in continuously monitored quantum sys-
tems [129–137], and on the design of an alternative gener-
ation of monitoring-enhanced and noise-resilient quantum
batteries.
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APPENDIX: CONTINUOUSLY MONITORED
QUANTUM SYSTEMS

In this Appendix we briefly introduce the formalism
behind continuously monitored quantum systems, present-
ing the stochastic master equations (SMEs) corresponding
to continuous photodetection, homodyne detection, and
heterodyne detection.

We assume that our quantum system is interacting with
a Markovian environment such that its unconditional evo-
lution is described by a master equation in Lindblad
form

d�unc(t)
dt

= −i[Ĥs, �unc(t)] + D[ĉ]�unc(t), (A1)

where Ĥs denotes the Hamiltonian ruling the evolution
of the system and D[ĉ]� = ĉ�ĉ − (ĉ†ĉ� + �ĉ†ĉ)/2 is the
Lindbladian superoperator. We remark that we will here
consider a single jump operator ĉ describing the interaction
between the system and a zero-temperature environment,
but the formalism can be straightforwardly generalized to
multiple jump operators and to generic thermal environ-
ments.

We will now assess the scenario where the environ-
ment is continuously monitored. Different measurement
strategies lead to different possible evolutions of the cor-
responding conditional states �c(t), i.e., to different unrav-
elings of the unconditional master equation (A1). We will
here consider three different measurements: photodetec-
tion, homodyne detection, and heterodyne detection.

In the case of PD the evolution is described by a
stochastic master equation

d�c(t) = −i[Ĥs, �c(t)] dt + (1 − η)D[ĉ]�c(t) dt

− η

2
(ĉ†ĉ�c(t)+ �c(t)ĉ†ĉ)+ η〈ĉ†ĉ〉t�c(t) dt

+
(

ĉ�c(t)ĉ†

〈ĉ†ĉ〉t
− �c(t)

)
dNt, (A2)

where 〈Â〉t = Tr[�c(t)Â], η is the efficiency of the detector,
and dNt is a Poisson increment taking value 0 (no-click
event) or 1 (detector click event), and having average value
E[dNt] = η〈ĉ†ĉ〉tdt.

For HoD one has the following diffusive SME

d�c(t) = −i[Ĥs, �c(t)] dt + D[ĉ]�c(t) dt

+ √
ηH[ĉeiφ]�c dWt, (A3)

where H[ĉ]� = ĉ� + �ĉ† − 〈ĉ + ĉ†〉t�, φ is the phase of
the quadrature monitored via the homodyne, and dWt is
a Wiener increment related to the measured photocur-
rent dyt = √

η〈ĉeiφ + ĉ†e−iφ〉t dt + dWt. The unraveling
for HeD is a generalization of the HoD case, corresponding
to a double-homodyne scheme leading to the SME

d�c(t) = −i[Ĥs, �c(t)] dt + D[ĉ]�c(t) dt

+
√
η/2H[ĉ]�c dW(1)

t +
√
η/2H[iĉ]�c dW(2)

t
(A4)

where dW(1)
t and dW(2)

t are uncorrelated Wiener increments
corresponding to the two photocurrents dy(1)t = √

η/2〈ĉ +
ĉ†〉t dt + dW(1)

t and dy(2)t = √
η/2 〈iĉ − iĉ†〉t dt + dW(2)

t .
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[96] J. P. Garrahan and M. Guţă, Catching and reversing quan-
tum jumps and thermodynamics of quantum trajectories,
Phys. Rev. A 98, 052137 (2018).

[97] D. Cilluffo, S. Lorenzo, G. M. Palma, and F. Ciccarello,
Quantum jump statistics with a shifted jump operator in
a chiral waveguide, J. Stat. Mech.: Theory Exp. 2019,
104004 (2019).

[98] A. Belenchia, L. Mancino, G. T. Landi, and M. Paternos-
tro, Entropy production in continuously measured Gaus-
sian quantum systems, npj Quantum Inf. 6, 1 (2020).

[99] G. T. Landi and M. Paternostro, Irreversible entropy pro-
duction: From classical to quantum, Rev. Mod. Phys. 93,
035008 (2021).

[100] G. T. Landi, M. Paternostro, and A. Belenchia, Informa-
tional steady states and conditional entropy production

in continuously monitored systems, PRX Quantum 3,
010303 (2022).

[101] B. Bhandari and A. N. Jordan, Continuous measurement
boosted adiabatic quantum thermal machines, Phys. Rev.
Res. 4, 033103 (2022).

[102] K. Yanik, B. Bhandari, S. K. Manikandan, and A. N.
Jordan, Thermodynamics of quantum measurement and
Maxwell’s demon’s arrow of time, Phys. Rev. A 106,
042221 (2022).

[103] B. Bhandari, R. Czupryniak, P. A. Erdman, and A. N. Jor-
dan, Measurement-based quantum thermal machines with
feedback control, Entropy 25, 204 (2023).

[104] K. W. Murch, S. J. Weber, C. Macklin, and I. Siddiqi,
Observing single quantum trajectories of a superconduct-
ing quantum bit, Nature 502, 211 (2013).

[105] P. Campagne-Ibarcq, P. Six, L. Bretheau, A. Sarlette, M.
Mirrahimi, P. Rouchon, and B. Huard, Observing quantum
state diffusion by heterodyne detection of fluorescence,
Phys. Rev. X 6, 011002 (2016).

[106] Q. Ficheux, S. Jezouin, Z. Leghtas, and B. Huard,
Dynamics of a qubit while simultaneously monitoring
its relaxation and dephasing, Nat. Commun. 9, 1926
(2018).

[107] Z. K. Minev, S. O. Mundhada, S. Shankar, P. Reinhold,
R. Gutiérrez-Jáuregui, R. J. Schoelkopf, M. Mirrahimi, H.
J. Carmichael, and M. H. Devoret, To catch and reverse a
quantum jump mid-flight, Nature 570, 200 (2019).

[108] W. Wieczorek, S. G. Hofer, J. Hoelscher-Obermaier, R.
Riedinger, K. Hammerer, and M. Aspelmeyer, Optimal
state estimation for cavity optomechanical systems, Phys.
Rev. Lett. 114, 223601 (2015).

[109] M. Rossi, D. Mason, J. Chen, and A. Schliesser, Observ-
ing and verifying the quantum trajectory of a mechanical
resonator, Phys. Rev. Lett. 123, 163601 (2019).

[110] R. A. Thomas, M. Parniak, C. Østfeldt, C. B. Møller,
C. Bærentsen, Y. Tsaturyan, A. Schliesser, J. Appel, E.
Zeuthen, and E. S. Polzik, Entanglement between distant
macroscopic mechanical and spin systems, Nat. Phys. 17,
228 (2021).

[111] M. Rossi, D. Mason, J. Chen, Y. Tsaturyan, and
A. Schliesser, Measurement-based quantum control of
mechanical motion, Nature 563, 53 (2018).

[112] L. Magrini, P. Rosenzweig, C. Bach, A. Deutschmann-
Olek, S. G. Hofer, S. Hong, N. Kiesel, A. Kugi, and
M. Aspelmeyer, Real-time optimal quantum control of
mechanical motion at room temperature, Nature 595, 373
(2021).

[113] F. Tebbenjohanns, M. L. Mattana, M. Rossi, M. Frimmer,
and L. Novotny, Quantum control of a nanoparticle opti-
cally levitated in cryogenic free space, Nature 595, 378
(2021).

[114] We are here considering a single jump operator ĉ
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